An analysis is made on the steady two-dimensional boundary layer magnetohydrodynamic (MHD) stagnation-point flow and radiative heat transfer of an electrically conducting power-law fluid over a shrinking sheet which is shrunk in its own plane with a velocity proportional to the distance from a fixed point. The similarity transformations are used to transform the boundary layer equations into a system of nonlinear ordinary differential equations which are then solved numerically using shooting technique. It is found that multiple solutions exist for a certain range of the ratio of the shrinking velocity to the free stream velocity (i.e., ) which again depends on the magnetic parameter (M) and the power-law index parameter (n). The results pertaining to the present study indicate that as the strength of the magnetic parameter increases, the range of where similarity solutions exist gradually increases. It is also observed that the temperature at a point decreases with increase in M for the first solution branch, whereas it increases with increase in M for the second solution branch. The reported results are in good agreement with the available published work in the literature.
Introduction
From a technological point of view, non-linear fluid rheology is of special interest and has practical applications. Hence the study of non-Newtonian fluid is very much important. A large number of industrial fluids such as molten plastics, artificial fibres, food stuff, polymers, and slurries are nonNewtonian in their flow characteristics. Many of the inelastic non-Newtonian fluids encountered in chemical engineering processes and biochemical industries are known to follow the empirical Ostwald-de Waele model (see Metzner [1] ) or socalled power-law model. This model is described by a simple nonlinear equation of state for inelastic fluids which includes linear Newtonian fluids as a special case.
Also, the study of magnetohydrodynamic (MHD) flow of an electrically conducting fluid is of considerable interest in modern metallurgical and metal-working processes. This type of flow has attracted the interest of many researchers due to its application in many engineering problems such as MHD generators, plasma studies, nuclear reactors, and geothermal energy extractions. Also by the application of magnetic field, hydromagnetic techniques are used for the purification of molten metals from nonmetallic inclusions. Therefore the type of problem that we are dealing with is very useful to polymer technology and metallurgy.
Stagnation-point flow is a topic of significance in fluid mechanics as it appears in virtually all flow fields of science and engineering. In some cases flow is stagnated by a solid wall, while in others a free stagnation point or a line exists in the interior of the fluid domain. Hiemenz [2] was the first to discover that the stagnation-point flow can be analyzed by the Navier-Stokes equations for the two-dimensional case. The axisymmetric case was studied by Homann [3] . Thereafter numerous investigations were made on the stretching sheet problem with linear stretching in different directions [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
Recently, the boundary layer flow due to a shrinking sheet has attracted considerable interest. One of the common applications of shrinking sheet problems in industries and engineering is shrinking film. In packaging of bulk products, shrinking film is very useful as it can be unwrapped easily with adequate heat. Shrinking problem can also be applied to study the capillary effects in small pores, the shrinking-swell behaviour, and the hydraulic properties of agricultural clay soils. The associated changes in hydraulic and mechanical properties of such soils will seriously hamper predictions of the flow and transport processes which are essential for agricultural development and environmental strategies.
For this flow configuration, the fluid is attracted towards a slot, and the flow is quite different from the stretching case. From a physical point of view, vorticity generated at the shrinking sheet is not confined within a boundary layer, and a steady flow is not possible unless either a stagnationpoint flow towards the sheet is applied, or adequate suction is applied at the sheet. This type of shrinking flow is essentially a backward flow as discussed by Goldstein [17] . For a backward flow configuration, the fluid losses memory of the perturbation introduced by the slot. As a result, the flow induced by the shrinking sheet shows quite distinct physical phenomena from the stretching case.
Miklavcic and Wang [18] investigated both two-dimensional and axisymmetric viscous flow induced by a shrinking sheet in the presence of uniform suction. The above shrinking sheet problem with a power-law surface velocity was analyzed by Fang [19] . The unsteady viscous flow over a continuously shrinking surface with mass suction was also investigated by Fang et al. [20] . Recently, Fang and Zhang [21] gave an exact solution of MHD boundary layer equations in closed analytical form for the flow over a shrinking sheet in the presence of suction at the surface. Hayat et al. [22] analyzed the MHD flow of a second grade fluid over a shrinking sheet. Steady two-dimensional and axisymmetric stagnationpoint flow with heat transfer on a shrinking sheet were investigated by Wang [23] . Mahapatra et al. [24] investigated the flow and heat transfer of the steady two-dimensional MHD stagnation-point flow of an electrically conducting incompressible viscous fluid over a shrinking sheet, the flow being permeated by a uniform transverse magnetic field. Note that with an added stagnation-point flow to contain the vorticity, similarity solution is possible even in the absence of suction at the surface. Recently, Fang et al. [25] obtained a closed form of analytical solution for the flows of nonNewtonian power-law fluids over a shrinking sheet with mass transfer.
Owing to wide range of technological applications, flow of non-Newtonian power-law fluid over a stretching/shrinking sheet has attracted many attention. To the best of author's knowledge, described the frequent mentioned literature, there is no investigation on the MHD stagnation point flow and radiative heat transfer of power-law fluid over a shrinking sheet. In this paper, we investigate the steady twodimensional MHD stagnation-point flow and heat transfer of an electrically conducting power-law fluid over a shrinking sheet, the flow being permeated by a uniform transverse magnetic field. Representative results for wall shear stress and velocity profiles are present for some values of the governing parameters. The temperature distribution in the flow is determined when the surface is held at a constant temperature, and the surface heat flux is also calculated. It is hoped that the obtained results will not only present useful information for applications but also serves as a complement to the previous studies.
Flow Analysis
Consider the steady two-dimensional stagnation-point flow of an electrically conducting incompressible power-law fluid towards a surface which is shrunk in its own plane with a velocity proportional to the distance from the stagnation point. Here -axis runs along the shrinking surface in the direction opposite to sheet motion. A uniform magnetic field of strength 0 is applied in a direction normal to the surface that is parallel to -axis. We consider the two-dimensional irrotational stagnation-point flow at infinity given by = , = − , where (>0) is the strength of the stagnation-point flow. On the sheet, the velocities are = , = 0, where (<0) is the shrinking rate (stretching rate if > 0). Here shrinking of the sheet is along the negative direction ofaxis. Figure 1 The rheological equation of state for an incompressible power-law fluid (Wilkinson [26] ) is defined as
where is the deviatoric part of the stress tensor = − + . Here is the pressure, and is the rate-of-strain tensor given by
where i is the velocity components. Here (>0) is called the consistency coefficient of the fluid, and (>0) is the powerlaw index. Fluids obeying constitutive equation (1) are called power-law fluids, and for such fluids the linear relationship between the stress tensor and the rate-of-strain tensor does not hold. We note that for < 1, the fluid is called pseudoplastic power-law fluid; for > 1, it is called dilatant power-law fluid, and when = 1, the fluid is the Newtonian fluid. Using boundary layer approximation, the equations for the steady MHD two-dimensional flow are in usual notation
where is the density and is the pressure of the fluid. The last term in (3) stands for the -component of the Lorentz force per unit mass where ⃗ is the electric current density and ⃗ 0 is the imposed uniform magnetic field (acting along -direction). In writing (3), we have neglected the induced magnetic field in comparison with the imposed magnetic field 0 since the magnetic Reynolds number for the flow is assumed to be very small. Such an assumption is justified for flow of electrically conducting fluids such as liquid metals, for example, mercury and liquid Sodium (Shercliff [27] ).
The equation of continuity is
Clearly the electric current in this two-dimensional flow acts parallel to the -axis which is normal to -plane. So by Ohm's law
where is the electrical conductivity (assumed constant) of the fluid and is the electric field along -axis. It is assumed that the electric current lines in this twodimensional configuration are closed in a manner consistent with the experiment. Now for the flow in the steady state, Maxwell's equation gives
where ⃗ is the electric field which acts parallel to thedirection. This gives / = 0 and / = 0, so that is a function of only. Since the induced magnetic field is neglected in view of our assumption ≪ 1, electric current in the flow is determined from Ohm's law and not from ⃗ ∇ × ⃗ = ⃗ , being the magnetic permeability. But the consequence ⃗ ∇ ⋅ ⃗ = 0 of this equation must be satisfied (Shercliff [27] ). Since the physical variables are functions of and , ⃗ ∇⋅ ⃗ = 0 then gives from (6) that = constant. Then using (6), we find from (3) that
Now since from (4), the pressure is independent of , and the pressure gradient / can now be obtained from (8) in the free stream as
where ( ) is the free stream velocity and use is made of the fact = constant. Hence eliminating / from (8) and (9), we get
Note that the electric field does not directly affect the boundary layer equation, although it has an effect on the relation between the free stream velocity and the pressure distribution given by (9) . Thus the governing equations for the velocity components and are (5) and (10) . In the present problem we have / > 0. Hence from (1) and (3), we have the shear stress as
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Thus the momentum equation (10) reduces to the form
The boundary conditions are
where > 0 is for stretching and < 0 is for shrinking. We introduce the similarity transformations
where the stream function is defined by the following relations:
With the values of and obtained from (14)- (15), we find that the equation of continuity (5) is identically satisfied. Substituting (14)- (15) into (12), we obtain the following nonlinear ordinary differential equation:
where (= 0 ( / ) 1/2 ) is the dimensionless magnetic parameter and a prime denotes differentiation with respect to the independent variable . From (13), we get the dimensionless boundary conditions as
Equation (16) along with the boundary conditions (17) holds for both > 0 (i.e., for stretching sheet) and < 0 (i.e., for shrinking sheet). The skin friction coefficient at the wall is given by
where Re = ( )
2−
/( / ) is the local Reynolds number based on the sheet velocity .
Heat Transfer
To determine the temperature distribution in the above flow field, we solve the following energy equation using boundary layer approximation, neglecting viscous and ohmic dissipation,
where , , and denote the thermal diffusivity, the specific heat at constant pressure, and the temperature of the fluid, respectively, and is the radiative heat flux. Using Rosseland's approximation for radiation (Brewster [28] ), we can write
where * is the Stefan-Boltzmann constant and * is the mean absorption coefficient. Assuming the temperature difference within the flow is such that 4 may be expanded in a Taylor series about ∞ and neglecting higher order terms, we get 4 ≈ 4 
The appropriate boundary conditions are
where and ∞ are constants with > ∞ . We introduce the dimensionless temperature as
Now the energy equation (19) , with the above boundary condition, becomes
where Pr = ( / )(( / )/ 2− )Re ( −1)/( +1) is the generalized Prandtl number and = 4 * 3 ∞ / * is the thermal radiation parameter. The boundary conditions for are obtained from (22) and (23) as
It is interesting to note that when = 1 (i.e., = ), then (16) together with the boundary conditions (17) admits of an exact analytical solution ( ) = . Hence in this case, the energy equation (24) reduces to the form
where = (2 /( + 1))Pr/(1 + 4 /3) is a positive constant. Solution of (26) can be written as 
Numerical Solutions
The governing momentum equation (16) along with the boundary conditions (17) and the thermal equation (24) together with the boundary conditions (25) are solved numerically. To do this, we first transform the nonlinear differential equation (16) to a system of three first-order differential equations, which are solved by means of a standard fourth-order Runge-Kutta scheme coupled with a conventional shooting procedure. The step size = 0.001 and the convergence criteria 10 −6 are used in this program. In practice, the value = ∞ must be replaced by an approximation = max , where the value of max is chosen; in such a way, all profiles satisfy the far field boundary conditions asymptotically. We ran our bulk computations with the value max = 12, which was sufficient to achieve the far field boundary conditions asymptotically for all values of the parameters considered. Then a Newton iteration procedure is employed to assure quadratic convergence of the iterations to satisfy the boundary condition (∞) = 1.
Once the numerical values of ( ) are known, we have solved the thermal equation (24) together with the boundary condition (25) using the same technique for obtaining the numerical values of ( ). An explanation of this algorithm is given in Gladwell and Sayers [29] .
Results and Discussion
In order to validate the method used in this study and to judge the accuracy of the present analysis, comparison with the results of Wang [23] for the skin friction coefficient (0) for Newtonian fluid (taking = 1) in the absence of magnetic field ( = 0) for stagnation point flow towards a stretching/shrinking sheet is made and found excellent agreement, as shown in Tables 1 and 2 . Therefore we are confident that the present results are accurate.
From a physical point of view, vorticity generated at the shrinking sheet is not confined within a boundary layer, and a steady solution is not possible unless sufficient stagnation flow is added to the free stream. Even with an added stagnation flow, a steady solution is possible only when the ratio of shrinking velocity and free stream velocity (i.e., ) becomes less than a certain numerical value which again depends on the magnetic parameter ( ) and the powerlaw index parameter ( ). Note that (16) is nonlinear. It may be possible to have multiple or bifurcated solutions. Our numerical results reveal that for Newtonian fluid (i.e., = 1), the solution of (16) satisfying boundary conditions (17) is unique for > −1.0. But dual solutions exist for −1.2465 ≤ ≤ −1.00, and no similarity solution is found for < −1.2465. These results agree well with those of (Wang [23] ) who studied steady stagnation-point flow over a shrinking sheet. The ranges of for unique solution, dual solutions, and nonexistence of the solution for different values of and are present in concise form in Table 3 . From Table 3 it is seen that as the strength of the magnetic parameter increases, the range of where similarity solutions exist gradually increases. The novel result which emerges from the above analysis is that the range of where dual solutions exist progressively decreases with increase in . It is also observed that as the power-law index increases, the range of where two solutions exist decreases. Figure 2 shows the variation of ( ) and the horizontal component of velocity, with for several values of the magnetic parameter with fixed values of (= 0.4) and (= −1.40) for the first and second solution branches. In the following discussion, we identify the first solution branch as the solution with higher values of (0) for a given and second solution branch as the lesser values of (0) for the same (in the dual solution range). It is observed that for the first solution branch, the horizontal velocity component at a point increases with increase in , but for the second solution branch it decreases with increase in . Figure 3 shows the variation of ( ) with for different values of the power-law index for fixed value of the shrinking rate parameter (= −1.2) and = 0.2 for both the solution branches. The figure shows that | ( )| decreases with increase in for the first solution branch, but for the second solution branch it increases with increase in . It is observed that temperature at a point decreases with increase in for the first solution branch and temperature at a point increases with increase in for the second solution branch. From a physical point of view, this follows from the fact that as the magnetic parameter increases, the boundary layer becomes thicker for the first branch, while it becomes thinner for the second branch. Figure 5 displays the variation of ( ) with for several values of (<0) with fixed values of = 0.2, Pr (= 0.71), and (= 0.4) for the first and the second solution branches. The figure reveals that temperature at a point increases with increase in | | for the first branch and decreases with increase in | | for the second branch. From a physical point of view, this follows from the fact that the boundary layer becomes thicker as | | increases for the first branch and it becomes thinner for the second branch as | | increases. Figure 6 shows the variation of ( ) with for several values of Pr with fixed values of = 0.3, (= −1.3), and (= 0.4) for both the solution branches. The figure indicates that as Pr increases, temperature at a point decreases for the first solution branch. For the second branch temperature at a point increases with increase in Pr in a certain neighbourhood of the shrinking sheet but beyond this neighbourhood temperature at a point decreases with increase in Pr. Figure 7 shows the variation of temperature profiles for various values of the radiation parameter for fixed values of the other parameters. The figure reveals that an increase in radiation parameter leads to an increase in the temperature at a point for both the solution branches except in a small region (in case of second solution). 
Conclusion
The present paper deals with the analysis of the steady twodimensional MHD stagnation-point flow and heat transfer of a power-law fluid over a continuously shrinking surface in the presence of thermal radiation. In comparison to the stretching sheet, the shrinking sheet has some interesting characteristics. Greatly different solution behaviour with multiple solution branches (for certain value of the shrinking rate parameter) is found compared with the corresponding stretching sheet problem. The following conclusions can be drawn from the numerical results obtained. 
